Given a Lie algebra ᒄ of Cartan type we construct an infinite-dimensional Ž . Ž . cocommutative Hopf algebra D G u ᒄ which is the analog of the distribution algebra of a connected reductive algebraic group. We show that the simple Ž . Ž . Ž . u ᒄ -modules lift to a D G u ᒄ -structure. This additional structure is used to formulate and prove relative projectivity theorems for Lie algebras of Cartan type.
INTRODUCTION
Let G be a connected reductive algebraic group scheme with Lie algebra ᒄ over an algebraically closed field k of characteristic p ) 0. One of the important methods in studying the cohomology of ᒄ is to use the rational G-module structure on the cohomology groups if the coefficients are in a G-module. This leads to many interesting results like the calcula-Ž . tion of cohomology ring for the restricted enveloping algebra u ᒄ for p w x Ž . sufficiently large AJ, FP4 . One can identify the restricted representation theory of ᒄ with the representation theory of the first Frobenius kernel G of G. The relationship of the group scheme G with G provides 1 1 the basic techniques for the study of the cohomology groups of the Lie algebra. This paper is aimed at developing similar techniques for the cohomology theory of the restricted simple Lie algebras of Cartan type. w x Block and Wilson BW have shown that restricted simple Lie algebras Ž are either classical ones which arise as the Lie algebras of connected . simple algebraic groups or of Cartan type for primes larger than 7. The Lie algebras of Cartan type are typically realized as Lie subalgebras of vector fields and fall into four subcategories W, S, H, and K. The Lie algebras of type S, H, and K are constructed by considering the subalgebra of the Lie algebra of divided power derivations W which stabilize a particular differential form. Unlike the classical restricted Lie algebras, the restricted representations of a simple Lie algebra of Cartan type have no characterization in terms of the representations of an infinitesimal subgroup of an algebraic group. However, one can still make use of algebraic group actions in both the representation and cohomology theory for restricted Lie algebras of Cartan type. The key idea involves creating a new ''distribution algebra'' by fusing the two representation theories, the representation theory of an algebraic group and that of the restricted Lie algebra, together in a coherent manner. In our setting the algebraic groups will be certain subgroups of the automorphism group G of the restricted Lie algebra.
Our main approach is to use the representation theory of Hopf algebras w x studied in Lin1, Lin2 . Instead of dealing with the algebraic group directly, we translate its representation theory into the representation theory of its distribution algebra, which is a cocommutative Hopf algebra. Given this algebra we construct a larger Hopf algebra which contains the distribution algebra and the restricted enveloping algebra of ᒄ. One can then appeal to w x the results developed in Lin1, Lin2 to establish the Hopf algebra action on the cohomology ring and then translate it back to the action of the algebraic group on the cohomology ring and its associated cohomological varieties.
The paper is organized as follows. In the second section, we provide a general construction of a Hopf algebra built out of two Hopf algebras that is analogous to taking the product of a subgroup with another which normalizes it in a larger group. In Section 3 we first define and construct w x the Lie algebras of Cartan type then review Wilson's description W2 of the automorphism group G of these algebras. With these constructions one can appeal to the results in the earlier section to create an infinite-dimensional cocommutative Hopf algebra whose modules are modules over the restricted enveloping algebra with a compatible action of an appropriw x ate subgroup of G. A theorem, like the result of Curtis Cu which involves the lifting of G-structures on simple modules, is crucial in our construction. In the last two sections we provide applications of the algebraic group actions on the cohomology rings. In Section 4, we prove results about projective modules over Lie algebras of Cartan type similar to the results w x of Cline et al. CPS for G T-modules. Later in Section 5 calculations of 1 Ž . the support varieties and complexities of certain V ᒄ -modules are provided when p is large.
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HOPF ALGEBRA ACTIONS ON THE COHOMOLOGY RINGS
Throughout this section let k be a field. Unless otherwise indicated, all algebras are algebras over k and all tensor products will be taken over k. Let H be a Hopf algebra over k with ⌬, ␥ , and being the comultiplicaw x tion, antipode, and counit respectively. We will adopt the notations of Sw Ž . on Hopf algebras. We call an associative algebra A over k an H-module Ž . algebra if A has an left H-module structure such that is equivalent to the fact that the multiplication is a homomorphism of H-modules. For a given H-module algebra A, the smash product algebra A࠻H, is the vector space A m H with multiplication defined by
for all a, b g A and h, g g H.
Ž . EXAMPLE 2.1. Let A be a finite dimensional algebra and G s Aut A alg Ž . which is an algebraic group. Let H s Dist G be the distribution algebra of G. Then A is an H-module algebra with the H-module structure on A given as the differential of the G-module structure on A. EXAMPLE 2.2. Let X be an affine variety on which a connected w x Ž . algebraic group G acts. Then the coordinate algebra k X is a Dist Gmodule algebra. DEFINITION 2.3. We say an A-module M has an H-structure if M is Ž . Ž .Ž . also an H-module such that h am s Ý h a h m for h g H, a g A, Ž1 .
Ž 2 .
and m g M. The last condition is equivalent to the structure map A m M ª M being a homomorphism of H-modules. Here A m M is a H-module via comultiplication.
One can easily verify that the natural embedding A ª A࠻H and H ª A࠻H defined by a ¬ a m 1 and h ¬ 1 m h respectively are homomorphisms of algebras. We can identify A and H with the subalgebras A࠻1 and 1࠻H respectively.
PROPOSITION 2.4. An A-module M has an H-structure if and only if the A-module structure on M extends to an A࠻H-module structure on M.
Proof. If the A-module structure on M is the restriction of an A࠻H-module structure, we take the H-module structure to be the restriction to H from A࠻H. The compatibility condition is the consequence of the
if M has an H-structure, we can define the A࠻H-module structure by Ž . Ž . defining a m h m s a hm . We leave it to the readers to verify that this does define an A࠻H-module structure on M, which extends the original A-module structure.
We further assume that A is a Hopf algebra such that the multiplication, comultiplication, unit, and counit are all H-module homomorphisms. In this case, we call A an H-module Hopf algebra. In general, one can construct a Hopf algebra structure on A࠻H provided that certain condiw x tions are satisfied. See Rad for a set of conditions on a bialgebra structure. In this paper H will be the distribution algebra of an algebraic group so it is enough to consider cocommutative Hopf algebras H. The bialgebra structure on A࠻H, with the tensor product coalgebra structure and tensor product counit, can be directly verified under the cocommutaw x tivity condition on H or one can use Rad, Theorem 1 with the trivial H-comodule structure on A. In the following, we construct the antipode on A࠻H.
Ž . Note that C s Hom A, A is an algebra with the convolution multiplik cation. We make C an H-module via the adjoint action defined by
check directly that C is an H-module algebra with respect to this H-module structure using the cocommutativity of H. As a consequence, the
of H-modules. Using this property, one can now directly verify that the
for all a g A and h g H, is an antipode of A࠻H.
EXAMPLE 2.5. Let G be a finite group, H s kG the group algebra, and A the algebra of all k-valued functions on G. Then both A and kG are Ž . Hopf algebras in a natural way A is a coalgebra because G is finite . The cocommutative Hopf algebra kG acts on the Hopf algebra A via the conjugate action of G on G. Then it is straightforward to check that this action makes A into a kG-module Hopf algebra. The Hopf algebra A࠻kG we constructed above is exactly the quantum double in the orbifold theory w x DPR .
Let A be a Hopf algebra and let : A m A ª A and : A m A ª A l r be defined by 
Note that from the second to the third line above we are using the ŽŽ . From now on, we assume that H is cocommutative and A is an H-module Hopf algebra. By identifying A and H with the Hopf subalgebras A࠻1 and 1࠻H of A࠻H respectively, the H-module structure on A can be realized from the Hopf algebra structure of A࠻H as follows: For each a g A and h g H,
which is the restriction of the adjoint action of A࠻H on A to H. Ž .
Ž . Ž . This shows that h a g Ann M . 
A A
A set I I of cofinite ideals in a Hopf algebra H is called admissible if
ii there is an I g I I such that I : ker ,
Ž .
iii for any I , I g I I, there is J g I I such that J : I l I , 
On the other hand, ker ⌽ contains all generators of Ž . the ideal I. We only need to show that ker ⌽ is a two-sided ideal. Using the identity
Ž . and the fact that A m 1 ker ⌽ 1 m H : ker ⌽ , that ker ⌽ is a twosided ideal follows from the following two identities:
Ž .
for all a g A, g g H, and d g D. Ž . on Der A . One is the differential of the G-module structure on Der A , Ž . and the other is the left adjoint module structure since Lie G is a Lie Ž . subalgebra of Der A . However, a direct verification shows that they coincide.
Ž . For ᒄ and G as above with ᒄ being restricted, then
Ž . an ideal of Lie G and a restricted Lie subalgebra of Der A . Thus the Ž . Ž . restricted enveloping algebra u ᒄ , as a Hopf subalgebra of Dist G , is tive. On the other hand, the kernel of the composition map A࠻H ª H ª Ž . H r D contains the ideal I in the proof of Theorem 2.10 , and therefore induces a surjective map P ª HrD. Since A is sent to 0 under this map q we have a map PrA ª HrD. By keeping track of each map involved, one can easily verify that the above two maps are inverses of each other, and thus we have an isomorphism of the Hopf algebras. In order to describe the isomorphism between admissible categories, we observe that the maps P ª HrD and H ª PrA are compatible with admissible categories. Each Ž HrD-module in C C is in C C , on which A acts trivially i.e., via the
. counit , and can be thought of as a module in C C . In a similar manner, P r A one can verify that each module in C C also defines a module in C C .
From now on we can identify the algebras HrD and PrA together with Ž . their admissible categories. For any 
there is a spectral sequence with the E -term
A 2
This is a consequence of Lin2, Prop. 1.5 . Here the exactness of Ind P has been proved in the Proof of Theorem 2.12 and the algebra PrA A has been identified with HrD using Lemma 2.13.
dimensional, is an HrD-module in C C . Next we will show that the
HrD-action on the above extension group preserves the Yoneda product. We remark that, since all the algebras are Hopf algebras, the cup product Ž w x . and Yoneda product are the same see Ca2 for a proof . Ž In the rest of this section, we fix a Hopf algebra H not necessarily . 
in the category C C . Let Z : J and K : I be the kernels of the 
induces a homomorphism of complexes
maps are uniquely determined by and independent of the choice of g.
It is a standard homological algebra argument to show D w x that the class f ( g is independent of the choices of f and g . 
is a homomorphism of HrD-modules.
To show the theorem, we only need to show that h m h is sent to
Ž . sented by h g. By the following lemma, we can take h g s h g and Ž2.
Ž 2 . n Ž 2 . n the theorem follows.
LEMMA 2.16. Let E, F, M, and N be H-modules Proof. We have
sd hg x .
Ž .Ž . for any x g E. 
Before we end this section, let us state several well known facts which are needed in order to apply the theorems of this section to Lie algebras of Cartan type. Let G be a connected affine algebraic group defined over the Ž . field k with Dist G being its distribution algebra, and X an affine variety w x with coordinate algebra k X .
Ž .
w x i The algebraic group G acts on X if and only if k X is a right w x rational G-module such that the action of each element of G on k X is w x w x an algebra automorphism, or equivalently, k X is a k G -comodule w x w x w x algebra, i.e., the multiplication map k X m k X ª k X is a homomorphism of comodules and 1 ¬ 1 m 1.
ii Using the distribution algebra language we have that G acts on w x Ž . Ž . X if and only if k X is a Dist G -module algebra such that the Dist Gw x module structure on k X comes from a rational G-module structure via differentiation.
The statement i is the direct consequence of the definition of an Ž . Ž . algebraic group action on an affine variety, ii is the consequence of i , Ž . w x Ž . Ž . iii follows from Jan3, I, 7.15 and iv is a consequence of iii .
CONSTRUCTION OF ALGEBRAS AND AUTOMORPHISMS
We now fix an algebraically closed field k of characteristic p ) 5. For a Ž . given positive integer m and n s n , . . . , n with n being positive w x According to Wilson W1 , the natural identification gives the following isomorphism of algebraic groups: 
Ž . a homomorphism of W m, n -modules. By the argument in Example 2.11, Ž . Ž . the action of W m, n can be extended to ⍀ m by letting
Ž . Similarly, the action of G can be extended to ⍀ m by letting
We can define the other Lie algebras of Cartan type by considering the Ž . action of W m, n on the differential forms:
The Lie algebras of type S, H, and K are subalgebras of a Lie algebra of type W defined by
We will also denote by CX the corresponding algebras in the cases of the types S and H. Since p ) 5 the second derived
is simple. The Lie algebras, X m, n and X m, n , have the structure of a graded Lie algebra with the grading inherited from
Ž . .. we can naturally embed U as a subgroup of Aut W m, n .
Ž is a normal series for G and there exists an isomorphism of varieties and
W
For the rest of this section we will only consider the case when
i.e., when ᒄ is a restricted simple Lie algebra . The following fundamental lemma will be used throughout the rest of the paper. 
The image of f is in X because X is T-invariant and Ž .
²␣, :y²␣, 0 :
Ž . conical. Therefore, f a s Ý a x. Now f x can be easily Ž . extended to a morphism f : k ª V, and Im f : Im f : X since X is Ž .
Ž . closed. However, by the assumption, x s f 0 g X.
0
The next proposition will allow us to identify a normal Hopf subalgebra Ž . of Dist G , so we can use the results in the previous section. algebra ᒄ will be viewed as a rational T-module with T being the maximal 
Ž . ᒄ is a restricted ideal of Lie G . The group G is reductive and 
Ž . Ž . G -module structure defined above is compatible with the u ᒄ -module X Ž . structure, since G acts on u ᒄ as automorphisms of the algebra.
X
In order to finish off the proof of the proposition, we still need to show Ž . Ž .
Ž . Ž . Here D и u s Du y uD is the action of Lie G on u ᒄ induced by the X Ž . G -action on ᒄ and Du, uD should be understood as product in u ᒄ . Ž .
which is the same as the action of D via left multiplication as an element Ž . of u ᒄ .
Ž .
q Ž . For each g X T the module V has a unique maximal submod- Ž . identified. We call a module M a Dist G u ᒄ -module if M is a u ᒄ -mod-Ž . ule with a Dist G -module structure which comes from a rational G-mod-Ž . ule structure on M and the two u ᒄ -module structures on M coincide.
G

Ž .
We will consider the category C C of all u ᒄ -modules and the category
Ž . Ž . ule it has a Dist G -structure. Therefore, every finite dimensional u g -Ž . n Ž . module is a quotient of u ᒄ which has a Dist G -structure. Now one can Ž . Ž . verify that the category of all Dist G u ᒄ -modules forms an admissible category which can be constructed from C C and C C as in Section 2 uŽ ᒄ . DistŽG.
Ž . Ž. Ž . Lemma 2.8, Theorem 2.10 . The Hopf algebra Dist G u ᒄ is the analog of the distribution algebra of a reductive algebraic group and the Hopf Ž . subalgebra u ᒄ is the analog of the distribution algebra of the first Frobenius kernel of the reduction group. We end this section with several remarks. and described via twisted tensor products. We will pursue this investigation w x in a forthcoming paper LN .
PROJECTIVITY RESULTS FOR RESTRICTED LIE ALGEBRAS OF CARTAN TYPE
Ž . w2x Ž . Let ᒄ s X m, 1 be a Lie algebra of Cartan type and let G s Aut ᒄ X ( G h U . In this section we will assume that G is defined over the 0, X 1 X prime field ‫ކ‬ . Let T be a maximal torus for the reductive subgroup p X G . We will first show that the construction of the Ivanovskii spectral 0, X sequence is compatible with the action of G . As a consequence the map X on the cohomological support variety into affine space obtained from the edge homomorphism of this spectral sequence will be G -equivariant.
X
Using the concrete realizations of these varieties along with T -stability X Ž . Ž .Ž. resp. G -stability , we will deduce projectivity theorems for Dist T u ᒄ 
modules such that N s M . We will write M s N . In particular, the G -module structure on ᒄ gives rise to G -module structures on ᒄ ࠻ and X X s Ž ࠻ . S ᒄ . In the following proposition we have a spectral sequence of Ž . Ž . Ž . Dist G u ᒄ -algebras on which u ᒄ acts trivially. 
. where U ᒄ is the uni¨ersal en¨eloping algebra of ᒄ and H U ᒄ , k is the ordinary Lie algebra cohomology.
Proof. For a description of the construction of the spectral sequence w x we refer the reader to FP1, FP2 . In order to check that the spectral sequence carries a G -structure it is necessary to check that the cobar X resolution is a G -resolution and the filtration by powers of the augmenta- Ž . ࠻ . u ᒄ is finite dimensional and u ᒄ denotes the dual Hopf algebra . Thus the cobar resolution is a G -resolution. In order to show that G X X stabilizes the filtration induced by powers of the augmentation ideal, it suffices to show that G stabilizes powers of the augmentation ideal. For
X Ž . and we have ⌬ g и x s g и ⌬ x . By using the Poincare᎐Birkhoff᎐Witt theorem along with the fact that ⌬ X is an algebra homomorphism, it follows Ž . ࠻ n n that G acts as automorphisms in u ᒄ and g и I ; I for all positive X integers n.
From this spectral sequence there is an edge homomorphism
Ž . which is a finite map of G -algebras. For a finite dimensional u ᒄ -mod-
-module via the Yoneda product as stated in Section 2. < < The cohomological support¨ariety ᒄ of M is the closed affine homoge-
² x : p w x Furthermore, the following were proved in FP5 .
Ž . Ž< < . Ä 4 a M is projective if and only if
Ž . tive resolution. The complexity c M of M is defined to be the smallest ᒄ c Ž nonnegative integer c such that dim P rn is bounded for all n and ϱ if c n .
Note that the group G acts on both ᒄ and ‫ށ‬ since G acts on k X X their coordinate rings as an automorphism of algebras. In particular, the
has a rational G -module structure, which is compatible uŽ ᒄ . X 2U Ž Ž . . Žy1. Ž with the G -action on the algebra H u ᒄ , k see Corollary 2.17 X . < < and the following remarks . Therefore, ᒄ is a G -invariant subvariety of M X < < Ž< < . ᒄ and so is its image ⌽ ᒄ in ᒄ.
k M Ž < < . In order to understand the action of T on the support varieties ⌽ ᒄ k X it is necessary to compute the characters of T on ᒄ. This will be X accomplished by using the explicit basesrgenerators for the Lie algebras of Cartan type. We will start with the generalized Cartan-type Lie algebras and then consider the restricted cases later on. For the details and proofs w x Ž . we refer the reader to SF, Chap. 4 . For each ␤ g ⌳ m, n , we set
a basis is given by
Note that the action of t on A m, n is given by t X sa a, . . . , a a , . . . , a 1
. w2x for i, j s 1, 2, . . . , m. A set of generators for S m, n can be given by
Ž . From Section 3 we have T s T , the maximal torus of GL k . Then by
Ž . w2x A basis for H m, n is given by It follows that
U 4 Ä y 1 y 1 y 1 y 1
w2x For the rest of this section we will consider only the case ᒄ s X m, 1 Ž . Ž . when ᒄ is a restricted Lie algebra . In this situation G s GL k for 0, X m Ž . X of type W or S and G s CSP k for X of type H or K. We will first 0, X m provide a description of the T decomposition of these restricted Lie
The last condition imposes the condition that E ; S m, 1 .
where X is of type W or S, let s Ý X D and 
The following technical lemma which provides the computation of the Ž . where else. A direct computation using the actions given in Section 2 shows that
By using the definition of the divided power algebra and the fact that g i, j acts as an automorphism, it follows that 
For part a suppose that there exist i, j such that c / c and
Ž< < . From Lemma 3.1 and the T -stability of ⌽ ᒄ it follows that the term in
.10 with n s 0 multiplying c y c X D must be in ⌽ ᒄ . Hence, 
is u ᒄ -projecti¨e if and only if M is projecti¨e for all ␤ f ⌫ and
, and M q is projecti¨e for
first statement a can be deduced immediately from the decomposition Ž .
Ž< < . 4.7 and Lemma 3.1 with X s ⌽ ᒄ and V s ᒄ.
Ž . prove part b it suffices to prove, using the G -stability, that one can 0, X conjugate z to a sum involving a term in some F " . By using the ␤, X Ž< < . T -stability of ⌽ ᒄ and appealing to Lemma 3.1 it will follow that M X " Ž< < . 
COMPLEXITY AND SUPPORT VARIETIES FOR
where X is of type W, S, H, or K and let M be a Ž . Ž . Dist G u ᒄ -module. From the results in Section 4 the support variety, X Ž< < . ⌽ ᒄ , will be a G -stable affine homogeneous variety. Since the mod- 
Let h be the Coxeter number of the reductive group G . The first result 0, X shows that the complexity and support varieties are the same for all the Ž . w simple modules corresponding to exceptional weights g ⌳ Sh, N1, x Hol1, Hol2 .
where X is of type W, S, H, or K,
In Sh, N1 all restricted simple modules for X m, 1 of types w x W ,S , and H are described. Holmes Hol1, Hol2 has recently computed all Ž . w2x Ž . w 2 x the simple modules for X m, 1 s K 2r q 1, 1 . From this information Ž . the dimensions of the simple modules, L L , for g ⌳ are given by a binomial coefficient times a integer prime to p.
We should remark that Premet P has calculated the nilpotent variety Ä w px n 4 Ž . N Ns xgᒄ: x s0 for some n and shown that for
Since z / 0 for ᒄ / W 1, 1 it follows that not every p-unipotent element has a trivial restriction. Note that this fact is independent of the characteristic of the field and differs considerably from the case of classical Lie algebras because for large primes the nullcone equals the variety of elements with trivial restriction. In general, since N N is irreducible and
We will now calculate the dimension of the G -orbit in ᒄ of a nonzero
the set of nonzero elements in ᒄ transitively so it suffices to simply take
Here X is the homogeneous part of degree d and X Ž .
Ž . Ž . Ž y . Since V is projective over u ᒄ it follows from an argument similar irr Ž . to that in the proof of Proposition 4.7 a that
irr irr
This means that computing the support varieties for simple modules corresponding to nonexceptional weights involves looking at the restriction to ᑿ q . The next theorem provides some information on support varieties for these modules. In particular, there exists a large linear subvariety contained in the support variety for these modules independent of the given weight. 
Ž .
Ž . a If M is a Dist G -module then
Ž . 
uŽᒄ.
p y 1 mq1 for ᒄ s K 2 r q 1, 1 then y M has dimension no greater than Ž .
Ž
Ž . thus parts c and d follow.
For the simple Witt algebra W 1, 1 we can provide a complete descrip-Ž Ž .. tion of the complexity and support varieties for all simple u W 1, 1 modules. 
